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Abstract-Let X be an arbitrary Banach space, K be a nonempty closed convex subset of X, and 
T : K 4 K be a Lipschitzian and hemicontractive mapping with the property 1iminfthoo(4(t)/t) > 0. 
It is shown that the Ishikawa iteration procedures are weakly T-stable. As consequences, several 
related results deal with the weak stability of these procedures for the iteration proximation of 
solutions of nonlinear equations involving accretive operators. Our results improve and extend those 
corresponding results announced by Osilike. @ 2001 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION AND PRELIMINARIES 
Let X be a real Banach space with norm 11 . (( and X* be the dual space of X. The normalized 
duality mapping J : X -+ 2 x’ is defined by 
J(z) = {x* E X* : ( 2,x*) = llzl12 = 11~*112} 3 
where (., .) denotes the generalized duality pairing. It is well known that, if X is uniformly 
smooth, then J is single-valued, J(h) = tJz for all t > 0 and z E X, and J is uniformly 
continuous on bounded subsets of X. We denote the single,-valued normalized duality mapping 
by.i. 
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An operator T is said to be accretive if, for every x ,y  E D(T), there exists j ( x  - y) E J (x  - y) 
such that 
(Tz  - Ty,  j (x  - y)> > 0. (1.1) 
The operator T is said to be strongly accretive if there exists a positive constant k such that, for 
every x, y E D(T) ,  
<Tx - Ty, j (x  - y)> > kllx - Yll 2. (1.2) 
Without loss of generality, we may assume that k E (0, 1). 
An operator T is said to be C-strongly accretive if there exists a strictly increasing function 
¢ : [0, co) -~ [0, co) with ¢(0) = 0 such that the inequality 
<Tx - Ty,  j (x  - y)> _> ¢(lIx - yll)[Ix - Ylt (1.3) 
holds for all x, y E D(T) .  Let N(T)  = {x E X : Tx  = 0}. If N(T)  ~ 0 and inequalities (1.1)-(1.3) 
hold for any x E D(T)  and y E N(T) ,  then the corresponding operator T is called quasi-accretive, 
strongly quasi-accretive, and C-strongly quasi-accretive, respectively. 
Let F(T)  = {x E D(T)  : Tx  = x}. A mapping T : D(T)  C X ~ X is called a ¢- 
hemicontractive mapping if ( I  - T) is C-strongly quasi-accretive, where I is the identity mapping 
on X. It is very clear that, if T is ¢-hemicontractive, then F(T)  ~ ~ and there exists a strictly 
increasing function ¢ : [0, co) --~ [0, co) with ¢(0) = 0 such that the inequality 
<Tx - Ty,  j (x  - y)> _< Hx - y]l 2 - ¢(I]x - yH)Hx - yll (1.4) 
holds for all x E D(T)  and y E F (T ) .  Such operators have been studied and used extensively by 
several researchers ( ee [1-161). 
Let K be a nonempty convex subset of a real Banach space X and T be a self-mapping of K. 
Let {an}n~__0 be a real sequence in [0, co). Assume that x0 E K and xn+l = f (T ,  an, xn) defines 
an iteration procedure which produces a sequence {xn}n~=0 in K. Suppose, furthermore, that 
F(T)  = {x E K :  Tx  = x} ~ O and that {xn}~=0 converges strongly to x* e F (T ) .  Let  {Yn}~=0 
([ OO be any sequence in K and { n}n=0 is a sequence in R + [0, co) given by 
en = [[Yn+l - f (T ,  an, yn)H. 
If l imn-~ en - 0 implies that limn-.oo Yn = x*, then the iteration procedure defined by xn+l = 
f (T ,  an ,xn)  is said to be T-stable or stable with respect o T (see [17,18]). If En=0 ~n ~ OO 
implies that limn-~oo Yn -- x*, then the iteration procedure {Xn}n~__0 is said to be almost T-stable. 
X oo If en = o(an) implies that limn-~oo Yn = x*, then the iteration procedures { n}n=o is said to be 
'+e~wi th  oo , ,, = ~n=0 en < co and e n = o(a~) implies that l imn_~ Yn = x*, pseudo T-stable. If en e n 
then the iteration procedure {xn}n~=0 is said to be weakly T-stable. 
We remark immediately that, if an iteration procedure {xn}n~__0 is T-stable, then it is weakly 
T-stable and, if the iteration procedure {xn}n~__0 is weakly T-stable, then it is both almost 
and pseudo T-stable. Conversely, it is evident that an iteration procedure {xn}n~o which is 
either almost or pseudo T-stable may fail to be weakly T-stable. Accordingly, it is of important 
theoretical interest for us to study the weak stability. 
Recently, Osilike [8] established several stability results for the Ishikawa iteration procedures 
for certain classes of nonlinear mappings in a real Banach space. 
It is our purpose in this paper to examine the weak stability of the Ishikawa iteration procedures 
for Lipschitzian and ¢-hemicontractive mappings in real Banach spaces. For this purpose, we 
need to introduce the following lemma. 
LEMMA 1.1. (See [16].) Let {pn}n~=0, {an}n~=0, {rn}n~=0, and {o(An}~=0 be nonnegative real 
sequences satisfying the condition 
Pn+l ~-- (1 - An + an)Pn + O(An) + rn, n >_ O, 
A oo oo A oo oo where { n}n=o is a sequence in [0, 1] with ~-]n=O n = co, ~n=o an < co, and ~n=o rn < oo. 
Then Pn ~ 0 as n ~ oo. 
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2.  MAIN  RESULTS 
Now we prove the main results of this paper. In the sequel, we always assume that  X is a real 
Banach space. 
THEOREM 2.1. Let K be a nonempty  convex subset of  X and T : K --* K be a Lipschitzian 
and ¢-hemicontract ive mapping with the property l im in f t _~(¢( t ) / t )  > O. Let q be a f ixed point 
ix) of T in K .  Let {an}n=o and {fln}n=o be two real sequences in [0,1] satisfying the following 
conditions: 
(i) an ,  elu -~ 0 as n -*  co, 
(ii) oo ~-~n=O (~n -~ 00 .  
Let {xn)n°°=o be the sequence of  the Ishikawa iterates generated from an arbitrary xo E K by 
Xn+l ---- (1 - an)xu + anTzn ,  n >_ O, 
(IS1) 
z~ = (1 - e,~)xn + ~,Tx,~, n >_ O. 
oo  oo  Let  {Yn}n=o be any sequence in K and define a sequence {e,~}n= o in R + by 
Wn = (1 - ~n)Yn + enTyn,  n >_ O, (2.1) 
~ = Ily~+l - (1 - ~)y~ - ~T~l l ,  n > o, (2.2) 
X oo  respectively. Then the sequence { n}n=o is weakly T-stable. 
PROOF. Bythe  definition of T, we know that, if F(T)  # @, then F(T)  must be a singelton. Let 
q E K denote the unique fixed point. In what  follows, L > 1 denotes the Lipschitz constant o f  T. 
Set 
Ln = L(I + L)(~n + (i + L)~n). 
' " with oo , , ,  = ~n=o ~n < co and c n = o(~n). We want to prove that  Suppose that  en en + en 
limn-.¢¢ Yn = q. Let Un = Yn+l - (1 - an)y~ - anTwn.  Then we have 
Yn+I = (1 - an)y~ + anTwn + un, n >_ O, (2.3) 
¢t oo where the sequence { n}u=0 satisfies the condition llunll = e~. Observe that  
Yn+l - q = (1 - an)(Yn - q) + an(Tyn+l  - q) + an(Twn - Tyn+l)  + un. 
I t  follows from (2.1) and (2.3) that  
llYn+l - qH 2 -< (1 - an)[lYn - qH IlYn+l - qH + c~n(Tyn+i - q,J(Yn+t - q)) 
+ ani iTyn+l - TwnH Ilyn+l - qli + llu~it Ily~+l - qll 
<_ (1 - ~n)HYn -- ql] }iYn+l - all + ~nL,~llYn - qlt tlYn+l - qH (2.4) 
+ O~n (llYn+l -- qll 2 -- ¢(ilYn+l -- qll)llYn+l -- qll) 
+ (1 + L) l ]u ,  II Ilu~+~ - qll. 
Without  loss of generality, we may assume that  IlYn+l - qH > 0 for all n > 0. Cancelling the 
common factor I]xn+l - qH on the both sides of (2.4), we obtain 
IIY~+I - qtt -< [1 - (1 - Ln)an]Hyn - qll + a~(iiyn+l - all - ¢(Hyn+I - qi})) + (1 + L)llunil 
for any n = 0,1, 2 . . . . .  Now we consider the following possible cases. 
CASE A. ItYn+I - qll --+ co as n -* co. 
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By the assumption on 4, we know that there exists a positive constant r > 0 such that 
linl~f “;/k+i_-;/‘) = 27. 
At this point, we can choose no so large that L, < 7/2 and $(]]yn+r - qjI)/IIyn+r - qI( 1 r for 
all n 2 no. Taking these inequalities into consideration in (2.5), it follows that there exists a 
positive constant M such that 
llYn+l - 411 I (I- ;%) II Yn - 411 + Wl%ll + 4Qnh (2.6) 
for all n > no. By Lemma 1.1, we assert that yn --) q as n -+ co, which contradicts Ilyn+l-qll --+ co 
asn+oo. 
CASE B. There exist a fixed positive constant M and an infinite subsequence {ynj+l}~~o of 
{yn+r}r=O such that ]] ynj+r (] I M. In this case, by induction, we can prove that there exist 
positive constants C and Mr such that 
llYnj+m -41 I M + Cg lbnj+~ll 5 MI, 
1=1 
for all m 2 1, which implies that {y~}~zo, {Ty,}~=o, {wn}~zo, and {Tu~}~.~ are all bounded. 
Set D = sup{(]y, - qll : n 2 0). 
Again, we distinguish the following two possible cases. 
CASE Br. liminf,,, ]]yn+i - q/J = S > 0. 
In this case, we can choose ni so large that ]]yn+r - q)l 2 6/2 and L, 5 (1/2D2)4(6/2) for all 
n 2 nl. It follows from inequality (2.5) that 
IIYn+l 
6 
-Q/l 5 1 - ;z% 
( > 
Il~n - 411 + Mlbnll + 44r (2.7) 
for all n 2 nr . By Lemma 1.1, we assert that y* --+ q as n -+ co, which is a contradiction. 
CASE B2. liminf,,, j(Yn+l - q/l = 0. 
In this case, we have a subsequence {ynj+i}~zO of {y~+r}~=o such that ynj+l 4 q as j --) 00. 
As in the proof of the boundedness for {Y~};=~, we can prove that yn --+ q as n --+ co. This 
completes the proof. 
REMARK 2.1. Theorem 2.1 extends Theorem 1 of [8] to the more general class of hhemi- 
contractive mappings. 
THEOREM 2.2. Let T : X + X be a Lipschitzian and &strongly quasi-accretive operator with 
the property lim inf+,, 
TX = f. Define a rnapp!~!‘~ G ” F 
or any given f E X, let x* be a solution of the equation 
+ X by Sx = f + x - TX for all x E X. Let {a,}~~, and 
{fl,}rzo be two real sequences in [0, l] satisfying the following conditions: 
(i) on, & +Oasn+oo, 
(ii) C,“=, cy, = co. 
Let {x~}~=~ be the sequence of the Ishikawa iterates generated from an arbitrary 20 E X by 
%+1 = (1 - %)X, + a&z, n 2 0, 
2, = (1 - P&n + PnSxn, n 2 0. 
W2) 
Let (yn}~zo be any sequence in X and define a sequence {.E~}~=~ in R+ by 
(-4 = (1 - Pn)Yn + PrzSY,, n 2 0, (2.8) 
c 12 = IlYn+l - (1 - %)Y, - %SW,ll, n 1 0, (2.9) 
respectively. Then the sequence {x,}~~, is weakly S-stable. 
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PROOF. We observe first that, if the equation TX = f has a solution x* E X, then the solution x* 
is unique since T : X + X is $-strongly quasi-accretive. By the definition of S, we have 
(Sa: - Sy,j(x - y)) I 112 - ?/II2 - 4(IIx - Yll)ll~ - YII (2.10) 
for every x E X and y E N(T). We observe also that T is Lipschitzian implies that S is 
Lipschitzian. Consequently, there exists a fixed positive constant ~51 = 1 + L such that 
11s~ - WI I Lllla: - Y/II (2.11) 
for all x, y E X. Now the conclusion of Theorem 2.2 follows exactly from Theorem 2.1. This 
completes the proof. 
REMARK 2.2. Theorem 2.2 extends Theorem 2 of [8] to the more general class of &strongly 
quasi-accretive operators. 
An accretive operator T with domain D(T) and range R(T) in X is said to be m-accretive if 
the range of the operator (I+XT) is whole space X for some positive constant X. For more results 
on the nonlinear equations involving m-accretive and m-dissipative operators, refer to [16,19_21]. 
Applying Theorem 2.2 to an m-accretive operator, we have the following important result. 
THEOREM 2.3. Let T : X -+ X be a Lipschitzian and m-accretive operator. For any given 
f E X, let x* be a solution of the equation x + TX = f. Define a mapping Ux = f - TX for 
each x E X. Let {crn}~YO and {&}rZO be two real sequences in [0, l] satisfying the following 
conditions: 
Let {x,}~?, be the Ishikawa iterates generated from arbitrary x0 E X by 
x,+1 = (1 - a,)~, + an(.f - Tzn), n 1 0, 
z, = (1 -Ah + Pdf - TxrJ, n 2 0. (1% )
Let {yn}~So be any sequence in X and define a sequence {E,}~=~ in R+ by 
wn = (1 - Pn)Yn + PnUYYnr n 2 0, (2.12) 
E ?% = IIYn+l - (1 - h)Y, - Qn~~nll, 72. 2 0, (2.13) 
respectively. Then the sequence {xn}pZo is weakly U-stable. 
PROOF. Define A : X -+ X by Ax = x + TX for each x E X. Then A is a Lipschitzian and 
strongly accretive operator, and hence, A satisfies all the assumptions of Theorem 2.2. Therefore, 
the conclusion of Theorem 2.3 follows from Theorem 2.1. 
REMARK 2.3. Theorem 2.3 improves Theorem 3 of [8]. 
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